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A NOTE ON THE ZEROTH PRODUCTS OF FRENKEL-JING 

OPERATORS 

SLAVEN KOZIC 


Abstract. Quantum vertex algebra theory, developed by H.-S. Li, allows us to ap¬ 
ply zeroth products of Frenkel-Jing operators, corresponding to Drinfeld realization of 
Uqisin+i), on the extension of Koyama vertex operators. As a result, we obtain an 
infinite-dimensional space and describe its structure as a module for the associative al¬ 
gebra Uq(5{n+i)z, a certain quantum analogue of t7(s[„+i) which we introduce in this 
paper. 


Introduction 

Let 0 be a simple Lie algebra with the root lattice Q and weight lattice P. Denote by 
0 the associated (nntwisted) affine Lie algebra on the nnderlying vector space 

0 = 0 (8) C[t,t~^] © Cc, 

with the bracket relations dehned in a nsnal way (for details see [9]). The indnced 0- 
modnle 

V = V^{1,0) = U{q)®uq,^,,)Ci, len, 

has a vertex operator algebra structnre 

V Hoin(V,V((z))) 

V i-A Y (n, z) = 

rez 

(for details and notation see [I2])- Denote by = a(r) the action of a © f’’, a G 0, r G Z, 
on an arbitrary restricted 0-modnle W and set 

Ow(^) = £ Hom(lU, 1U((;2))). 

rez 

Every restricted 0-modnle W of level I is a modnle for vertex algebra V, and vice versa, 
which gives us correspondence 

a(^)(ri) • • •a(”"^(r^)l ^ (z)r, ■ ■ ■ a^^\z)r^lw, (0.1) 

aOO e 0 , Tj G Z, j > 0, between 0-module actions and products of the local vertex 
operators. The quotient of I^(/,0) over its (unique) largest proper ideal /g(Z,0), 

L5(/,0) = Ug(/,0)/Jg(/,0), 

is a simple vertex operator algebra whose inequivalent irreducible modules Lg(/,L(A)), 
where L{X) is the irreducible 0-module with the integral dominant highest weight A, are 
exactly level I irreducible highest weight integrable 0-modules. 

Consider the space 

14 = M(1 )©C{L}, 
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where M(l) is the irreducible level 1 Heisenberg algebra module and C{L} is the group 
algebra of the lattice L = Q,P. In the construction of vertex operator algebras and 
modules associated to even lattices, the space Vq is equipped with a vertex algebra 
structure, while Vp becomes its module. The simple vertex algebra Vq is isomorphic to 
Lg(l, 0 ) while Vp is a direct sum of the irreducible Vg-modules. This construction provides 
us with the realizations of 

Xa{z) = = Y( 6 °", z) 

for Chevalley generators Xq, G g, a G Q, as well as as with the realizations of the inter¬ 
twining operators. 

The main motivation for this research is the fact that the top of every irreducible 
highest weight integrable g-module L^(Z,L(A)) is the irreducible g-module T(A), where 
the action of a G g C L^(l, 0 ) is given as oq. 

We consider quantum affine algebra defined in terms of Drinfeld generators, 

coefficients of formal Laurent series x^(z), 'ipj{z), (pj{z), j = 1 , 2 , ...,n (see 0). Even 

though there is no correspondence as in flO.ip for Uq{sln+i), some of the main ingredients of 
the abovementioned constructions do exist. For example, Frenkel-Jing realization of level 
1 integrable highest weight f/q(sV+i)-modules (see |H]) gives us the quantum analogues 
of the operators Xaiz) = F(e",z), while Y. Koyama in [TU] found the realization of 
intertwining operator W(^) = 3 ^( 6 "^% z), i = 1 , 2 ,... ,n. All of these operators are defined 
on the space 

V = M(l) ®C{P}, 

the tensor product of level 1 irreducible g-Heisenberg algebra module M(l) and the 
twisted group algebra C {P} of the (classical) weight lattice P. 

Since the operators xf{z), (t>j{z) are not local, we can not multiply them as in 

the classical case, using the theory of local vertex operators. However, they satisfy the 
notion of quasi compatibility, i.e. for any two such operators a{z), b{z) G Hom(V, V{{z))) 
there exists a nonzero polynomial p{zi, Z2) such that 

p(zi, Z2)a(zi)b(z2) G Hom(V,V((zi,Z2))). 

H.-S. Li introduced rth products, r E h, among quasi compatible operators, 

Y£{a{z),zo)b{z) = '^{a{z)rb{z))zo''~^ G (End'V)[[z^\ 

and proved that a family of such operators (acting on an arbitrary level f G C restricted 
module) generates a (weak) quantum vertex algebra (cf. |T 3 ], |Tlj, |I 5 ]). We would like 
to mention that there exist several other approaches to development of “quantum vertex 
algebra theories”. For more information the reader may consult n, 0,0, la. 

We consider the set 

{xf{zq^),iljj{zq^),(j)j{zq^) : j = 1 , 2 ,... ,n, t E |Z} C Hom(V', H((2;))). 

Our goal is to study zeroth products of these operators acting on Vi^z). Since zeroth 
products a{zq^)ob{z) equal to zero for almost all t, we introduce an action which 
plays a role of zeroth products from the (classical) vertex algebra theory in this quantum 
setting. We show that the products similar to the right side of flU.ll) are equal to zero 
if and only if the (zeroth) products similar to the left side of fl0.1|L i.e. the products of 
Chevalley generators, are equal to zero. 
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( 0 . 2 ) 


For a quasi compatible pair {a{z),b{z)) we define 

(wt a(z),wt b(z))-\-l 

q^a{zq^)oh{z). 

Our main point of interest is a (3^j(z)), a vector space over spanned by all the 

vectors obtained by the above defined action of the operators x'^{z)^ 
j = 1,2,... ,n, on yi{z). Having in mind the classical case, one may expect {yi{z)) to 
be, roughly speaking, a quantum version of the irreducible s[„+i-modules L{\i). 

In the first section we recall some preliminary results, while in the second section we 
study the action fl0.2p of Frenkel-Jing operators. Our key result here is the following 
Lemma, which plays an important role in the proof of our main result, given in the third 
section: 

Lemma 12.141 For any a(z) G (yi(z)} we have 

6 

Xy(^).x~{z),a{z) - xj^{z),xj^{z),a{z) = 

We also identify a basis Bi for the space (W(^)) as a set, which consists of some of the 
operators 

■ ■■xl{^),yi{z)'ipj,{zq*^) ■ ■ ■'ipj^izq*^). 

In the last, third section we introduce a certain subalgebra Uq{sin+i)z of the 

algebra ?7q(s0+i)[[zi,..., z„]], given in terms of generators e^-, fj, kj, j = l,2,...,n. 
Roughly speaking, this new algebra may be considered as a quantum analogue of ?7(s0+i), 
since its classical limit is equal to f/(sl„+i). Next, we construct some infinite-dimensional 
f/g(s[„+i)^-modules L(Aj)^ corresponding to the (finite-dimensional) irreducible f/q(sR+i)- 
modules L(Aj) with the integral dominant highest weight A*. The main result of this 
paper is Theorem 13.31 which identifies (W(^)) as a module for Uq{sln+i)z and establishes 
an 2 -module isomorphism L{Xi)z = (y^z)): 

Theorem 13.31 fl) There exists a structure of Uq{5ln+i)z-Jxiodule on the space {yi{z)) 
such that 

eja{z) = x^{z),a{z), 
fja{z) = xj{z),a{z), 
kja{z) = 'il!j{z),a{z) 

for all j = 1,2,... ,n and a(z) E {y^z)). 

(2) Uq{sln+i)z-Jxiodules L{\i)z and (W(^)) are isomorphic. 

1. Preliminaries 

1.1. Quantum affine algebra Uq{sin+i)- We recall some facts from the theory of affine 
Kac-Moody Lie algebras (see [9] for more details). Let A = be a generalized 

Cartan matrix of (affine) type An'^ associated with the affine Kac-Moody Lie algebra 
sln+i- Let 1) C sln+i be a vector space over C with a basis consisting of simple coroots 
oj, j = 0,1,... ,n, and derivation d. Denote by oq, ■ ■ ■ ,Cin simple roots, i.e. linear 
functionals from 1)* such that 

o^ii^cXj ) Ojji, oliidj) diQ, i, j 0,1,..., Ti. 

The invariant symmetric bilinear form on 1)* is given by 

{ai,aj) = aij, (5, a*) = (5, h) = 0, i, j = 0,1,... ,n. 
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Denote by Aq, Ai, ..., A„ fundamental weights, elements of f)* such that 
Aj(aJ) = Aj((i)=0, i, j = 0 , 1 ,... ,n. 

The center of the Lie algebra sln+i is one-dimensional and it is generated by the element 

c = cxq -f- -f- ... -f- G f) 

and imaginary roots of sin+i are integer multiples of 

5 = Q-q Q-i “ 1 - . . . -p ttfj G f)*. 

Dehne a weight lattice P as a free Abelian group generated by the elements Aq, Ai, ..., A„ 
and S. An integral dominant weight is any A G P such that A(q;^) G Z>o for i = 0,1,... ,n. 

Let f) C 1) be Cartan subalgebra of the simple Lie algebra sl„+i, generated by the 
elements a(, , • • •, Denote by 

n n 

Q = 0 C and P = 0 ZA^ C ()* 

i=l i=l 

the classical root lattice and the classical weight lattice, where elements A* satisfy 

\i{a)) = 5ij, i,j = 1,2,...,n. 

Fix an indeterminate q. For any two integers m and k, k > 0, dehne g-integers. 


[m] = 


gTYi _ q~'^ 


q-q 


-1 


and g-factorials, 

[0|! = 1, H! = W|A^-1|...|1|. 

For all nonnegative integers m and k, m> k, dehne g-binomial coefficients. 


m 

k 


\m\ 


[k] \[m — k]l 


Definition 1.1 The quantized enveloping algebra Pg(s[„+i) is the associative algebra 
over C(g^/^) with unit 1 generated by the elements Cj, fi and i = 1,2,... ,n, subject 
to the following relations: 


K,Kj = K,Ki, KiK-^ = K-^Ki = 1, 
K,e,K-^ = 


-1 


[e*, fj] = 5, 


Ki-Kl 

g — q~^ 


(QI) 

(Q2) 

(Q3) 


E(-i) 

s=0 

where m = 1 — a 


m 

s 


m—s s _ 

'"i '"is 


0 . 


s=0 


m 


f^-sf.fs ^0 for ^ ^ J, (Q4) 


o- 


Next, we present Drinfeld realization of the quantum affine algebra Pg(sl„+i). 

Definition 1.2 ([3]) The quantum affine algebra Pg(s[„+i) is the associative algebra 

C(g^/^) with unit 1 generated by the elements xf{r), ai{s), Kf^, 7 =*=^^ and q^'^, 
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over 











i = 1, 2,..., n, r, s G Z, s 7 ^ 0, subject to the following relations: 
= 0 for all u G f/q(0), 

K,Kr^ = Kr^K, = 1 , 

k q — q~^ 

[a,(fc),irf] = [g±",irf]=0, 


q'^xf{k)q-'^ = q’^xfik), q%{k)q-^ = q^a,{k), 


-d 


K,xf{k)K-^ = q 


-1 _ ^±{ai,aj) ± 


X. (k), 


[aijk] 




xf{k + l)x^(/) - (A: + 1) 


= q^‘'°'^’°‘^^xf{k)xf{l + 1) - xf{l + l)xf (A;), 


±/ 




S^j f k — I —k 


k ( 0 ] = ^ (^7 " ^2(^ + 0 -7 " 0 z(A: + /)j , 


Sym 5^(-l)' 


m 


= 0 for i 7 ^ j, 


„± 


where m = 1 — aij. The elements (j)i{—r) and 'ipi{r), r G Z>o, are given by 


(Dl) 

(D2) 

(D3) 

(D4) 

(D5) 

(D6) 

(D7) 

(D8) 

(D9) 

(DIO) 


00 / 00 \ 

0i(^) = Y1 exp I -(g - q~^) ai{-r)z^ j , 

r=0 \ r=l J 

00 / 00 \ 

= i^iexp j (g - g”^) ^ai(r) 2 ;“'’ j . 
r=0 \ r=\ J 

Denote by xf{z) the series 

7 (^) = e Uq{5ln+,)[[z^^]]. ( 1 . 1 ) 

r€Z 

We shall continue to use the notation xf{z) for the action of the expression fll.ip on an 
arbitrary Dg(s[n+i)-module V: 

7 (^) = e (EndD)[[z^^]]. 

rEZ 

Some basic facts about Dg(s[„+i) (and its representation theory) can be found in [S]. 

1.2. Prenkel-Jing realization. We present Frenkel-Jing realization of the integrable 
highest weight t/g(s(„,+i)-modules T(Aj), i = 0,1,... ,n (see [ 6 ]). 

Let V be an arbitrary f/g(s[n+i)-module of level c. The Heisenberg algebra f/g(f)) of 
level c is generated by the elements ai{k), i = 1,2,... ,n, k G Z \ {0} and the central 
element 7 ^^ = g^'^ subject to the relations 

[ai(r),aj( 5 )] = Sr+s i, j = 1,2,... ,n, r, s e Z\ {0} . (1.2) 

The Heisenberg algebra f/q(f)) has a natural realization on the space Sym(f)“) of the 
symmetric algebra generated by the elements ai{—r), r G Z>o, i = 1,2,... ,n, via the 
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following rule: 


7 "*^^ ... multiplication by 
aj(r) ... differentiation operator subject to fll. 2 l) . 
aj(—r) ... multiplication by the element aj(—r). 

Denote the resulted irreducible 17q(f))-module as K{c). Dehne the following operators on 
K(c): 


Ei(ai, ;) = exp I q: ^ 

\ r>l 

E^{ai,z) = exp I 

\ r>l 


^cr/2 


[cr\ 

=Fcr/2 




cr 


-ai{r)z~ 


The associative algebra C{P} is generated by the elements e“®,... and 
subject to the relations 

gQigOj ^ i,j = 2,3,... ,n. 

For a = 771202 + ... + + 7T7„+iA„ G P denote • • • e'^nan^mn+iXr, ^ (j^ |p| ga_ 

Denote by C {Q} the subalgebra of C {P} generated by the elements i = 1, 2,..., rr. 
Set 

C{g}e^^ = {ae^ga e C{Q}} . 

For a E Q dehne an action z^°‘ on C {Q} e'*'* by 

^Scg^gAi _ ^(«>^+^i)g^g^i_ 

Theorem 1.3 ([B]) By the action 

xf{z) := E^{—aj, z)E^{—aj, z) ® , 

j = 1, 2,..., 77, the space 

P(l) (g) C {g} 

becomes the integrable highest weight module of Pq(s[„+i) with the highest weight A*. 

1.3. Operator yi(z). In [10] Koyama found a realization of vertex operators for level 
one integrable highest weight modules of Uq{sln+i). In [TT] we used similar operators 
yi(z) = y{e^\ z), which we now briehy recall. Let 

1/ = P(l) ®C{P}. 

For 7 = 1, 2,..., 77 and / G Z, / 7 ^ 0, we dehne elements a*{l) G Uq{t)) by 
a*{l) = 777^^01 (/) + 777 ^^ 02(0 + • • • + 

where 

[j/][(77 - i + 1)/] 


U) 

m) = 


[(77 + !)/][/] 

[ 7/][(77 - j + 1)/] 


[(77 + !)/][/] 

For 7 , j = 1, 2,..., 77, l,k E Tj, l,k 0 we have 


for j < i; 
for j > i. 

[I? 







Define the following operators on the space V: 

E_{a\,z) =exp ( j , 

=exp (j • 

Definition 1.4 We dehne an operator W(^) ^ Honi(D, by 

y,{z) = 

By applying the operator yi{z) on an arbitrary vector n G D, we get a formal power 

1 

series in fractional powers z^+^ of the variable that has only a hnite number of negative 
powers. 

The relations in the next proposition can be proved by a direct calculation. Some of 


them can be found in [Tj and m- 

Proposition 1.5 For any i,j = 1,2,... ,n the following relations hold on V = K(l) 0 
C{P}: 

= (zi - Z2)(zi - q^Z2) : xr{zi)x-{z2) : (1.3) 

{zi - qz 2 )x~{zi)x~(Z 2 ) =: x~(zi)x~(Z 2 ) : for |i - j| = 1 (1.4) 

x~(zi)x]'(Z 2 ) =: x~(zi)x]'(Z 2 ) : for - j| > 1 (1.5) 

(zi - qz 2 )x~{zi)yi{z 2 ) =: x~{zi)yi{z 2 ) : ( 1 . 6 ) 

{zi)yj{z 2 ) =: X-{zi)yj{z 2 ) : for i ^ j (1.7) 

{zi - q~^/‘^Z2)i)i{zi)x~{z2) = {q~^Zi - q^/‘^Z2)x~{zi)'ipi{z2) ( 1 . 8 ) 

{zi - q^^^Z2)'i7i{zi)x~{z2) = {qzi - q^'’^Z2)x~{z7)7^i{z2) for \i - j\ = 1 (1.9) 

'i7i{zi)xj{Z 2 ) = xj{zi)'ijji{z 2 ) for \i- j\ > 1 ( 1 . 10 ) 

{zi - q^^^Z2)iJi{zi)yi{z2) = {qzi - q^^‘^Z2)yi{z2)i’i{zi) ( 1 . 11 ) 

'Ipi{zi)yj{z 2 ) = yj{z 2 )'ipi{zi) for i 7 ^ j ( 1 . 12 ) 

(zi - qz2){zi - q-^Z2)xt{zi)x-{z2) =: xt{zi)x-{z2) : (1.13) 

xf ( 2 : 1 ) 0 ;“ {Z 2 ) = {zi - Z 2 ) : xf {zi)xj(Z 2 ) : for ji-jj = 1 (1.14) 

xl(zi)x~(z 2 ) =: xl(zi)xz(z 2 ) : for |z - j| > 1 (1.15) 

xl(zi)yi(z2) = (zi - Z 2 ) : xl{zi)yi{z2) : (1.16) 

xt{zi)yj{z 2 ) =: xt{zi)yj{z 2 ) : for i ^ j. (1.17) 

2. Space {yi{z)) 


2.1. The action of Prenkel-Jing operators. Let V be an arbitrary vector space over 
C(g^/^). We recall two dehnitions from [13]. 

Definition 2.1 An ordered pair {a{z),b{z)) in Hom(l/, l/(( 2 :))) is said to be quasi com¬ 
patible if there exist a nonzero polynomial ^( 2 : 1 , Z 2 ) G C(g^/^)[ 2 :i, Z 2 ] such that 

p( 2 :i, 2 : 2 )a( 2 :i) 6 ( 2 ; 2 ) G Hom(y, P(( 2 :i, 2 : 2 ))). 

Denote by C(g^/^)*(;s, ^o) the extension of the algebra 'C{q^/‘^)[[z, zq]] by inverses of 
nonzero polynomials. Let Lz^zq be a unique algebra embedding 

iz,zy- C(g^/^)*(z,2;o) ^ C(g^/2)((z))((2;o)) 


that extends the identity endomorphism of C(g^/^)[[ 2 ;, zq]]- 

Definition 2.2 Let {a{z),b{z)) be a quasi compatible (ordered) pair in Hom(l/, l/(( 2 ;))). 
For r G Z we dehne a{z)rb{z) G (End id) in terms of generating function 

Ys{a{z),Zo)b{z) = ^{a{z)rb{z))zo''~^ G (End 

r€Z 

by 

Y£{a{z),zo)b{z) = {p{zo +z,z)~^) {p{zi, z)a{zi)b{z))\^^^^^^^, (2.1) 

where p{zi,Z 2 ) G £-{q^^‘^)[zi^ Z 2 ] is any nonzero polynomial such that 

p{zi, Z2)a{zi)b{z2) G Hom(V,E((2;i,2;2))). 

The Proposition 11.51 implies that the each ordered pair consisting of the operators 
xf{z), i/jjiz), (f)j{z) is quasi compatible, so the rth product, r G Z, (given by Dehnition 
l 2 / 2 p is well dehned for such a pair. 

Remark 2.3 The expressions fll.bp . fll.7p . fll.lip . fll.l2p . fll.lbp . fll.l7p in Proposition 11.51 
are not elements of }lom(y,V{{zi, Z 2 ))), because they consist of rational powers of Z 2 . 
However, they are obviously contained in Hom(V, V{{zi, ^ 2 ^^”^^^))), so Dehnition I2.2l mav 
be applied. More precisely, the rth products a{z)ryi{z) for a{z) = xf (z), ^jJj{z), (l)j{z) are 
well dehned elements of the space Hom(l/, V{{z^^^'^^^'^))). 

By taking into account this remark, from now on, we shall call a pair {a{z), b{z)), where 
a{z) G Hom(l/,l/((^))), b{z) G Hom(E, E((^^/("+i)))), quasi compatible if there exists a 
nonzero polynomial p{zi,Z 2 ) such that 

p{zi, Z 2 )a{zi)b{z 2 ) G Hom(V,E((^i,4^^’^’^^^))). 

Remark 2.4 For an arbitrary polynomial p{zi,Z 2 ) 7 ^ 0 there exist only hnitely many 
t G |Z such that p{zq^,z) = 0. Hence, for any quasi compatible pair {a{z),b{z)) in 
Hom(l/, l/(( 2 ;^/*^"'+^)))) there are only hnitely many t such that a{zq^)ob{z) 7 ^ 0. 


Set 

V = K{1)(^C{P}. 

For a{z) G Hom(V, H(( 2 ;^/("^+^^))) we shall write 

wt a{z) = a E P 

if a{z)l = b{z) (8) e“ for some b{z) G K{l){{z^^^'^^^'>)). For example, 

wtxf{z) = ±ai, wt'^j = wt^i = 0, wt>’i(2;) = Aj. 

Definition 2.5 Let {a{z),b{z)) be a quasi compatible pair. Dehne 


a{z),b{z) = 


zq^ 


(wt a(2),wt b(z))-\-l 


q^a{zq^)ob{z). 


( 2 . 2 ) 


Denote by {yi{z)) a vector space over C{q^^‘^) spanned by all the vectors obtained by 


the above dehned action of the operators xj{z), i/jjiz), (j)j{z) on yi{z): 

(yAz)) = span {ai{z),.. .,ak{z),yi{z) : /c > 0 , = xf{z),i>j{z),(t)j{z), 

C(gl/2) 
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s = 1, 2,..., A:, j = 1, 2,..., 77 ,} . 

















2.2. Space {yi{z)). First, we shall consider an action of the operators x~{z) on yi{z). 
Denote by L(Ai) the irreducible highest weight f/q(s[„+i)-niodule with the highest weight 
Aj and with the highest weight vector vxi- 

Remark 2.6 On every L{Xi) we have 7 ^ 0 if and only if ... fjjj^vxi 7 ^ 

0 and 

(Aj Oij^ ... (^jk) (^•3) 

Similarly, ... fj^fj^vx^ ^ 0 if and only if ... fjjj.vx^ ^ 0 and 

(Aj cTjj ... cijfc) 1 - (2-4) 

Lemma 2.7 Let A; G N. Then 

■ ■ ..x-{z).x-{z),yi{z) ^ 0 if and only if fj^... fjJyVx^ 7 ^ 0 . 

Proof. We shall prove by induction the following statement: 

fjk ■ ■ ■ fhfh^Xi ^ 0 

if and only if there exists a unique sequence (tk, ■ ■ ■ ,ti) in |Z such that 

xf{q^‘z)oxf_^{z),...,xJ^{z),xf{z),yi{z) 7 ^ 0 for all / = 1 , 2 ,..., fc. 

Let k = 1. Then fj^vxi 7 ^ 0 if and only if ji = i. For ji = i relation fll.bp implies that 
x~{qz)oyi{z) 7 ^ 0 and xf{q^z)oyi{z) = 0 for t 7 ^ 1, so x~(z),yi(z) 7 ^ 0. For ji 7 ^ i relation 
fll.7p implies that x” (g* 2 ;)oW( 2 ^) = 0 for all t. Therefore, the statement holds for /c = 1 
and we have a unique sequence (fi) = ( 1 ). 

Let k = 2. Then /jj/iWi 7 ^ 0 if and only ii \i 2 — i\ = 1. For y = i relations fll.dp 
and fll. 6 p imply that xf {q^z)QXf {z),yi{z) = 0 for all t. For |j 2 — "/I > 1 relations fll.Sp 
and fll.7p imply that x~^{q^z)QX~{z),yi{z) = 0 for all t. Hence xj^{z),xf{z),yi{z) = 0 for 
\j 2 — For \i 2 — il = 1 relations fll.4p and 01.71) imply that x~^{q^z)oxf [z),yi{z) 7 ^ 0 

and x~^{q^z)QX~{z),yi{z) = 0 for t 7 ^ 2. Therefore, the statement holds for fc = 2 and we 
have a unique sequence (^ 2 ,H) = ( 2 , 1 ). 

Suppose that our statement holds for some k >2. Assume that ... fjj^vxi 7 ^ 0. Let 

r = max {{I < k : ji = jk+i} U {0}). 

If r = 0, then jk+i ^ {jk, ■ ■ ■ By condition 02.3p we see that there exists exactly 

one / G {1, 2,..., A:} such that \jk+i — ji\ = 1- Relations 01.41) . 01.51) and 01.71) imply that 

■ ■■xj^{z).x~{z),yi{z) ^ 0 , 

^Jk+i (^)« • • • ^j 2 = 0 for A ^ A; + 1 . 

Therefore, ^ have a unique sequence 

(A; T 1, tk., tk—l, • • • ) tif 

If r > 0, then condition 02.3p implies (together with the induction assumption) that 
there exist exactly two integers li and I 2 , k > I 2 > h > r, such that A^j = A/j = A^ + 1 , 
\jk+i - jh\ = \jk+i - jhi = 1 and ji^ 7 ^ ji^. By considering relations ([I3D-(lLll) we see 
that 

^7+i(^**'^^^)o^7(^)« • • •a;7(^).a^7(^).3^7^) ^ 0 , 

^7+i(^*^)o^7(^)« • • • a^7(^)»^7i(^)»^72^) =0 for A ^ Az, + 1. 

Therefore, 7^ ^ have a unique sequence 

(fh + 1) tk, tk-l, ..., Ai). 

Now assume that there exists a unique sequence (A^+i,..., Ai) in 4Z such that 

xf{q^‘z)oXf_^{z), ... x~{z),x~{z),yi{z) 7 ^ 0 for all / = 1 , 2 ,..., /c + 1 . 
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By induction assumption we have fj^,... 7 ^ 0. 

If r = 0, then by relations fll.3l) - fll.7p we conclude that if i < jk+i, then j^+i + 1 ^ 
and that if i > jk+i, then j^+i - 1 ^ {jk, ■ ■ ■, Hence, exactly one 

of two indices jk+i ± 1 is an element of the set {jk, ■ ■ ■ Furthermore, there exists 

exactly one index I = 1,2,... ,k such that jk+i — I = ji or jk+i + 1 = ji, which implies 
that condition 02.31) holds, i.e. 

(A, ... 

so fjk+i ■ ■ ■ 7^ 0- 

If r > 0, then by induction assumption we have 

(Aj Q!jj ... 1- 

Since 

• • • x-J^{z),x-^{z),yi{z) = 0 for all t, 

by considering relations 01.3p - 01.7l) we conclude that there exist exactly two integers li 
and I 2 , k > I 2 > h > r, such that = U + 1, \jk+i - jiA = \jk+i - jhl = 1 and 

Jh 7 ^ Jh- Hence, we have (A, — — ... — = — 1 so the statement of the 

Lemma follows. □ 


Notice that for Xj^{z), .. .,Xj_^{z),yi{z) 7 ^ 0 we have 

wt x-{z), ..., XT {z),yi{z) = Xi-aj,- ...- = wt 

Denote by B~ the set of all 

xj^{z), . . .,xj^{z),yi{z) 0, where js = 1,2,... ,n, s = 1, 2,. .., A;, keZ>o, 

and denote by {yi{z))~ a subspace of {yi{z)) spanned by . By Lemma [221 we have 

wt B~ = wt L{Xi). 

Remark 2.8 Considering 01.5|) we see that if 

fjk ■ ■ ■ fjp+ifjp ■ ■ ■ = fcr{jk) ■ ■ ■ /iaOp+p/ip ■ ■ • 

for some permutation a, then 

X~{z), .. .,x-^^{z),x-{z), .. .,x-{z).yi{z) 

Therefore, we have 

cardHj” = dimL(Ai). 


Lemma 2.9 The set B^ forms a basis of {y^z)) . 

Proof. Suppose that 

k 

'Y^Vs^siz) = 0 

for some nonzero scalars Vg and as{z) G Bf. Furthermore, assume that A: > 2 is the 
smallest positive integer for which such a nontrivial linear combination exists. We can 
choose p such that wt ap{z) is maximal, i.e. wt ap{z) wt ar{z) for all r G {1,2,..., k}. 
Next, we can choose ji ,..., ji such that wtx“( 2 ;), .. .,xf{z),ap{z) is the lowest weight of 
L(Ai) and, therefore, 

x-{z), .. .,xf{z),ap{z) yfO. 
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Then the linear combination 


Xj^{z), .. .,x^^{z),^Vsas{z) = '^VsXj^iz), .. .,x^^{z),as{z) = 0 

S=1 S=1 

consists of less then k nonzero summands. Contradiction. □ 

Next, we have an analogue of Lemma [2.71 for the operators x^(z): 

Lemma 2.10 Let k eN. Then 

x~{z).x~{z),yi{z) ^ 0 if and only if ... fjJyVx^ ^ 0. 

Proof. Let 

r = max ({/ : ji = jk+i} U {0}). 

If r = 0, then ... fyVx^ = 0 and, by relations fll.l4l) - fll.l7l) . 

— xj,iz).xz{z).yi{z) = 0. 

If r 7^ 0, then there exists a unique integer p such that 

xjM''z)ox~_^{z), .. .,xz{z),x-{z),yi{z) ^ 0, 

xjMz)oX~_^{z), .. ., xZ{z),xZ{z),yi{z) = 0, for t ^ p 

(cf. the proof of Lemma 12.711 . If there exists an integer s such that r < s < k and 
\js ~ jr\ = 1, then by fl2.3p and fl2.4p we get = 0 and by relations 

(ini-dnzi) 

— xj,{z).x-{z).yi{z) = 0. 

If \js - Jr\ > 1 for all integers s such that r < s < k, then by fl2.3p and fl2.4p we get 
^jk+ifjk ■ ■ ■ /ii'^Ai 7 0 relations 01.1311 - 01.1711 imply that 

4+i(4+^^)o^7(^)« • • ■•xj2i.^)»xf{z).yi{z) 7^ 0, 

4+i(4)oa^7,(^)» • • •• x~^{z),xf{z),yi{z) = 0, for + 

so the statement of the lemma follows. □ 

By considering relations 01.8p - 01.12p and applying the same technique as in the proof 
of Lemmas 12.71 and 12.101 one can prove 

Lemma 2.11 Let k eN. Then 

V'ife+i • • •.2^72 W«^7i ^ 0 

if and only if 

ejk+Jjk ■ ■ ■ fhfh^^ 7 0 or ... fjjj.vx, 7 0. 

As before, if 'il!ji^^.^{z),xj^{z), .. .,xf{z),yi{z) ^ 0, then there exists a unique f G 
such that .. .,x~{z),yi{z) 7^ 0. 

Since 4>j{z) contains only nonnegative powers of the variable z, we have 

Lemma 2.12 For any a(z) E (yi(z)} and j = 1, 2,..., n 

(/>j(z),a(z) = 0. 

In order to clarify the application of Dehnition 12.51 on the Frenel-Jing operators, we 
list in the following corollary necessary conditions for the summands on the right side of 
fl2.2p to be nonzero. Its statement is a consequence of the proofs of Lemmas 12 . 7112 .1 (11 and 

EH 
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Corollary 2.13 Let j = 1, 2,..., n and 

a{zq^)oXj^{zq^'‘)o ... x~{zq^^)oyiiz) ^ 0. 

Set to = 0 and 

ro = max {{I : \ji - j| = 1} U {0}). 

Then 

{ tro + 1 for a(z) = x~(z); 
tro + I for a{z) = 'ipj{z)] 
tro + 2 for a{z) = x^(z). 

The next lemma gives us an analogue of Drinfeld relation flD9p on the space {yi{z)). 
Lemma 2.14 For any a(z) G (yi(z)} we have 

s 

x+(z),xr(z),a(z) - x-(z),x+(z).a(z) = “ 0ji(^)).a(^)- (2-5) 

Proof. By using Lemmas 12.71 and 12.101 together with fl2.3p and fl2.4p . we easily see that 
= 0 on {yi{z)) for ji ^ js- 
Assume ji = j2- Set j = ji = j 2 and let 

be an element of {yfz)) such that x~ {zq^)oa{z) A 0 for some (unique) t. By using relations 
given by Proposition 11.51 one can construct polynomials rs{zijZ 2 )^ s = 1,2,3, such that 

q\zi - Z 2 )ri{zi, Z 2 )xJ{ziq^)a{z 2 ) = ri{zi, Z 2 ) : xj{ziq^)a{z 2 ) : (2.6) 

q^^^izi - Z 2 )r 2 {zi, Z 2 )x'j {ziq^^^)x~{z 2 ),a{z 2 ) = r 2 {zi,Z 2 ) : x'j'{ziq^^^)xj{z 2 ),a{z 2 ) : 

(2.7) 

{zi - Z2)r3{zi, Z2)'ipj{ziq*^^^^)a{z2) = {qzi - q~^Z2)r3{zi, Z2)a{z2)'ilJj{ziq^^^^^). (2.8) 

Next, we have 

: xj{q^+^z)xj{q*z) := 'ifj{zq^+^/^), (2.9) 

so relations 02.6^ - 02.81) . together with fl2.9p . imply that equation 02.51) holds. 

For a{z) = x~^{z), .. .,x~^{z),yi{z) such that x^(z),a(z) A 0 we can proceed similarly 
and for a(z) = x~^{z), ..xf_^{z),yi{z) such that xf{z),a{z) = 0 the statement follows 
from Lemma [2.Ill □ 

Since wt fjj^z) = 0 we have 

wt (A’j(^)) = "wf -h(Aj). 

Every homogeneous vector a{z) G {yi{z)) is a linear combination of the vectors having 
the form 

for 

b{z) G B~, k > 0, I < ji < ■ ■ ■ < jk ^ n, tj^ G wt a{z) = wt b{z). 

Denote by 13“^ the set of all vectors 

b{z) = b-{z)f^j^{zq ^^)... (2-10) 

where 

b~{z) G B”, A; > 0, 1 < ji < ... < jk <n, G 
ts < tr if s < r and jg = A- 
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Set 


o{b{z)) = t{b{z)) = (2.11) 

Naturally, the space {yi{z))^ spanned by the set (over C(g^/^)) is bigger than 
{yi{z)), i.e. {yi{z)) c {yi{z))^ . For example, 

yi{z)ij 2 {zq^) ^ (^1(2:)) for all t e 

because 

Mz)»yii^) = 0 . ( 2 . 12 ) 

Lemma 2.15 The set is linearly independent. 

Proof. We shall prove a “stronger” statement from which the statement of the Lemma 
clearly follows: The set of all vectors 

b{z)'ifj,{zq^^) ...fjj^izq^'^), 

where 

n 

b{z) e(jB~, k>0, I < ji < ... < jk <n, G ^Z, 

i=l 

tg < tr if s < r and jg = jr- 

is linearly independent. 

Suppose that 

k n 

Vsag{z) = 0 for some Vg e C(g^/^) \ {0} , ag{z) G ^ Bf^. (2.13) 

s=l i=l 

Furthermore, assume that fc > 2 is the smallest positive integer for which such a nontrivial 
linear combination exists. Without loss of generality we can assume that the weights of all 
ag{z) are equal. Indeed, if wt ar{z) 7^ wt ag{z) for some r,s = 1,2,... ,k, we can proceed 
similarly as in the proof of Lemma 12.91 Next, we can assume that each as{z) is of the 
form 

as{z) = yi{z)f^n,Azq'^’‘) '' 

for some Ig > 0, 1 < ji^g < ... < j),,* < n, tj^g G ^Z, j = 1, 2,..., Ig. Multiplying linear 
combination fl2.13p by appropriate invertible operators we can “remove” W(^) and get 

k 

s=l 

Since 

by multiplying 02.141) with moving the (invertible) operator all the way to the 
right and then dropping the operator we get 

k 

= 0 - ( 2 - 15 ) 

From 02.15P we see that it is sufficient to consider only a linear combination as in 02.14p 
such that all the powers of q, — ... — bm,ji ^s = 1, 2 ,..., fc, are equal. Since the 

operators 'f>j{z) are invertible, we can assume that for each j and t there exists an index 
s such that the operator %ljj[zq^) does not appear in the sth summand in 02.141) . Recall 
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relations fll.lip and fll.121) . We can choose some j = 1,2,... ,n and t G such that 
there exist indices r and s such that 


= o and ^ o. 

Finally, by using the substitution zq = q~^z in L{zo),yj{zoq^) = 0 we get a contradiction 
to the choice of k. □ 

By the discussion preceding Lemma 12.151 we see that the set 

Bi = B-* n (y.(z)) 

spans (y^z)), so as a consequence of Lemma 12.151 we have 
Theorem 2.16 The set Bt forms a basis for the space {yi{z)). 

Example 1 Consider the quantum affine algebra [/^(sh). The basis for the space (3^1(2;)), 
given in Theorem 12.161 is the set 

Bl = ^l,Ai U Ai^Ai-ai, 

where 

^i,Ai = {yi{z)'4’iAq^^‘^y ■ I ^ z>o}; 

^i,Ai-«i = [xf {z),yi{z)iJi{zq^A^ : I G Z>o} . 


Example 2 Consider the quantum affine algebra Uq{sls). The basis for the space (3^i(z)), 
given in Theorem 12.161 is the set 

B, = 2l2,Ai ^ -^2,Ai—Qi ^ -^2,Ai —ai —02 7 


where 


dl2,Ai = [yiizAiAq^^AM^q'^^'r y,rne Z>o, if m > 0 then / > O} ; 

^2,Ai-ai = {xf{z),yi{z)ilJi{zq^^Ailj2{zq^^'^A Z>o} ; 

^ 2 ,Ai-ai-a 2 = {x^{z),xf {z),yi{z)'ipi{zq^AA2{zq^^^A : ^"I G Z>o} . 

The constraint “if m > 0 then / > 0”, in the dehnition of set A 2 Ai , is a consequence of 

dm. 


3. Algebra Uq{5ln+i)z and its representations 

3.1. Algebra Uq{sln+i)z- For j = 1, 2,..., n dehne elements Lj, Mj G Uq{'f}) C Uq{5[n+i) 
by 


■n+l-j j^ 2 {n+l-j) _ _ _ j^j{n+l-j)^j(n-j) . . . 


L, = Kl 

^ r q-{n+i? if j = 1 or j = n, 

^ \ Lj_iLj^i if 1 < j < n. 

The elements Lj and Mj are invertible and they satisfy 

LjLk = L^Lj, MjM]f = Mj^Mj 

for j,k = 1,2,... ,n. Let 2:1 ,..., be commutative formal variables and 

= ^ (Mj - M, J = 1. 2, . 

r>0 


..,n. 


The algebra Uq{[))[wi,..., tCn] is commutative but the elements Wj are not central in the 
algebra Uq{sln+i)[wi,.. .,Wn\. 
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Define elements ej, kj G Uq{5ln+i)[wi,..., Wn] by 

Ej = CjWj, kj = {Kj — Kj^)wj for j = 1, 2,..., n. 

Denote by Uq{s{n+i)z a subalgebra of 17q(s[„+i)[tai,... generated by the ele¬ 

ments 

Remark 3.1 Since the classical limit g —?■ 1 of Kj is equal to 1 (cf. [IS]), the classical 
limit of Wj is also 1, so the classical limit of Uq{5ln+i)z is the universal enveloping algebra 
U{sln+i). Moreover, classical limits of Ej, fj and hj = kj/{q — q~^) are exactly Chevalley 
generators of t/(sl„+i). 


Remark 3.2 In general, the algebra Uq{sln+i)z can not be dehned in terms of closed-form 
expressions among generators Ej, fj,kj, j = 1,2,... ,n. For example, we have 


for 2 < j < n — 1 and therefore 


{Mj - M-^Y 
fj+Kj — fj+Kj'f^j — Cj/j+iWj — Cjfj+i y ^ — 


r>0 


= e,- 


^ {q^+^Mj-q—^M-Y^ ^ 


,r>0 


3.2. Module L{Xi)z. For any t/g(sl„+i)-module V the space ^[[2:1 ,... ,zY\\ can be in a 
natural way equipped by the structure of t/q(st„+i)[[2 i,..., 2„]]-module, as well as by the 
structure of Uq{5\.n+i)[wi,..., ta„]-module. Naturally, every Uq{5\n+i)[wi,..., ta„]-module 
is also a 17q(sl„+i)2-module. 

Let v\^ be the highest weight vector of t/g(sl„+i)-module L(Aj) with the dominant 
integral highest weight A^. Denote by L{\i)z an [/q(st„+i)2-submodule of L{\i)^zi,..., 2„]] 
generated by v\^, i.e. 

L/{^i}z Uq{slzi-\-Y) \i- 


Theorem 3.3 (1) There exists a structure of Uq{sln+i)z-^odule on the space {y^z)) 
such that 


eja{z) = x^{z),a{z), (3.1) 

fja{z) = xj{z),a{z), (3.2) 

kja{z) = Yj{^)» 0 ‘{z) (3.3) 

for all j = 1,2,... ,n and a{z) G (y^z)). 

(2) Uq{sln+i)z-J^odules L{Xi)z and {yi{z)) are isomorphic. 


Proof. First, notice that 

(^)« • • ^72 (^)»^7^0 if and only if kjfj^... fjjj.vxi Y 0 - 

For any homogeneous vector v G L{Xi) we have 


where 


e{u, Zj) 


WjV = ve{u, Zj) for some m G Z, 

/ 12 _ u A V 

exp((g“ - q~^)zj) = ^ z] G C{q^/‘^)[[zi,..., 2„]]. 

r>0 
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Let C be a set of all nonzero vectors 


c = /zi • • • firVxAui, %i) • • •e(Ms, ZjJ, 


where 


e {1,2, I < ji < ... < js <n, r, s>0, 

ui>Ura if I <m and ji = jm- 

Recall fl2.1ip and set 

0(c) = . . . , -M,), t{c) = (ji, . . . , j,). 

The set Ci := C n L{\i)z forms a basis of the space L{Xi)z. 

There exists a unique isomorphism of vector spaces hi: L{Xi)z {yA)) satisfying the 
following two conditions: 

(1) For all /p ■ • • fi^v\^e{ui, ■ ■ ■ e{us, ZjJ G Cj there exist ti,..., 4 G such that 

Afh ■ ■ ■ firVxAui, Zj,) ■ ■ ■ e{u„ zA) 

= xJliz), ■ ■ .,xAz),yiiz)AiizqA ■ -AjsiAy e Bi] 

(2) For all Ci, C2 G Ct we have 

if wt(ci) = wt(c2), f(ci) = f(c2) and o(ci) < 0(02) then o(r2(ci)) < o(r2(c2)), 

where “<” is lexicographic order. 

Notice that 

wt(r2(c)) = wt(c) 

for all c E Ci and 


Ul 


Ur 


= -{n + l){ti - tm) when ji = jr 


ji fji 


on an arbitrary basis vector c E Ci correspond 
{z), 'ipj{z) on b{z) = r2(c) respectively. For example. 


The actions of the operators e 
to the actions of operators x^z), Xj 

if fjC^O for some c E Ci, then we have commutative diagrams as in Figure [U The left 
diagram is a consequence of ([Q3|), while the right diagram is a consequence of Lemma 

EH 


fj \z) 

ce{u, Zj) -^ fjce{u, Zj) b{z)'ijjj{zq^) -^ xj^^^^{zq^) 




Figure 1. Commutative diagrams in L(Aj)^ and {yA)) 


Finally, we conclude that formulas fl3.ip - fl3.3p dehne an [/^(sC+i)2-module structure on 
the space (yA)), so the mapping hi becomes an f/g(sln+i)2-module isomorphism. □ 
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Remark 3.4 For i = 0 we have yi{z) = yolz) = 1. The action of the Frenkel-Jing 
operators on yo{z) is trivial, i.e. 

a{z),yo{z) = 0 for a{z) = xf{z),^pj{z),(j)j{z), j = 1,2,... ,n, 
so the space ( 3 ^ 0 ( 2 :)) is one-dimensional. 

In the end, we would like to provide an example of 17g(5[„+i)^-modules. The Uq{sln+i)z- 
module L{\i)z, when considered as a vector space over C(g^/^), has a weight decomposi¬ 
tion 

L{K)z= ® (/.(Ai)^)^, where {L{Xi)^ = {v E : wtv = fx} . 

fiGwt L{Xi) 

Its weight subspaces (L(Aj)^)^, /i E wtL(Ai), are inhnite-dimensionah 

Example 3 Consider the diagrams of f/g(s[ 2 )z-niodule T(Ai)z and [/g( 5 [ 3 )^-module T(Ai )2 
given in Figures [2] and [3] respectively. Each node represents one weight vector from the 
corresponding module. This vector is also an element of the basis Ci, that was constructed 
in the proof of Theorem 13.31 Weight of each node is written as its label and all the nodes 
(i.e. corresponding vectors) are linearly independent. The yellow node represents the 
highest weight vector vx^ E T(Ai) C L(Ai)^. The arrows represent (nonzero) actions of 
the generators ej, fj, hj = kj/{q — q~^), where j = 1 (Figure [2]) or j = 1, 2 (Figure |3]), on 
the corresponding nodes (vectors). All the diagrams in the both figures are commutative. 

The images of the bases Ci, given in Figures [2] and |3l under the [/g(s[n+i) 2 -niodule 
isomorphism hi, constructed in the proof of Theorem 13.31 where n = 1, 2, are equal to the 
bases Bi, given in Examples [T] and [ 2 l 


1 \ 

hi ei 


h 


hi ei —hi 


h 


hi ei —hi 






-hi 



Figure 2. f/q(sl2)2-module L(Ai)^ 
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—A2 


Figure 3. t/g(sl3)^-module L{\i)z 
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